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Case’s method obtains solutions to the radiative transport equation as superpositions of elementary solutions
when the specific intensity depends on one spatial variable. In this paper, we find elementary solutions
when the specific intensity depends on three spatial variables in three-dimensional space. By using the reference
frame whose 2z axis lies in the direction of the wave vector, the angular part of each elementary solution
becomes the singular eigenfunction for the one-dimensional radiative transport equation. Thus, Case’s method

is generalized. © 2013 Optical Society of America
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1. INTRODUCTION

We consider light propagating in random media, such as fog,
cloud, and biological tissue. Then the specific intensity of light
obeys the radiative transport equation. Although different
numerical methods have been developed [1-3], the analytical
approach is preferable particularly for the sake of medical
imaging and optical tomography [4,5].

Case’s method is a method of obtaining solutions to the
equation as superpositions of elementary solutions [6].
Although the method gives insight into the theoretical struc-
ture of the specific intensity, it works only when the specific
intensity carries one spatial variable and is independent of two
spatial variables in three-dimensional space. While the exten-
sion of Case’s method to anisotropic scattering was soon done
[7,8], there has been no real success in extending the method
to three dimensions despite considerable efforts [9-15]. In
particular, Kaper proposed elementary solutions of the form
of aplane wave and developed a singular eigenfunction theory
by reducing the problem to a one-dimensional equation by
changing angular variables to a new complex variable [10].
However, this singular eigenfunction is complicated (for
example, the dispersion function A is given by a three-
dimensional integral) [13]. Even for an infinite medium
with isotropic scattering, calculation is quite complicated.
Duderstadt and Martin wrote, “Although there have been
many attempts to extend these methods (the integral trans-
form and singular eigenfunction methods) to two- and three-
dimensional problems, these extensions have usually
encountered extreme mathematical complexity and have
met with only marginal success” ([2], p. 122).

In this paper, we extend Case’s method to a general case
where the specific intensity depends on three spatial variables
in addition to two angular variables. We evaluate the singular
eigenfunction in each elementary solution with the reference
frame whose z axis is taken in the direction of the wave vec-
tor. That is, the reference frame is rotated depending on the
transverse buckling constants. This point is the key difference
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from Kaper’s singular eigenfunctions. Indeed, the idea of ro-
tated reference frames was first used by Markel [16]; the an-
gular part of elementary solutions was expanded by rotated
spherical harmonics.

The remainder of the paper is organized as follows. In
Section 2, we introduce the radiative transport equation. In
Section 3, we develop singular eigenfunctions and obtain
elementary solutions. In Section 4, we consider eigenvalues.
We see the relation to the method of rotated reference frames
in Section 5. In Section 6, we obtain the three-dimensional
Green’s function in an infinite medium. Then the energy den-
sity is calculated as a numerical example in Section 7. Finally,
we give summary in Section 8. Polar and azimuthal angles in
rotated reference frames are presented in Appendix A. The
expansion coefficients in the method of rotated reference
frames are calculated in Appendix B.

2. RADIATIVE TRANSPORT EQUATION

Let I(r,8) be the specific intensity at position r € R® in
direction § € S%. We consider the time-independent radiative
transport equation, which is given by

§- VI(r.8) + (uq + us)I(r,8) = pg / SE-8)I(r,§)ds
SZ
+ S(r,8), €9

where u, and u, are the absorption and scattering coefficients,
respectively, and S(r, §) is the source term. We suppose y, and
U are positive constants, and the scattering phase function
f(8-8) can be modeled by a polynomial of spherical harmon-
ics of degree N:

N l
6-8)=> Z Y ®)Y5, ). @)
1=0 m=

We choose f; so that f is normalized as
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/ f(-8)ds = 1. 3)
SZ

We have N = 0, f, = 1 in the case of isotropic scattering, and
have N =1, f =1, f; = [ (§-§)f(8-§)d§ in the case of lin-
ear scattering. For the Henyey—Greenstein model [17], we
have N = oo, f; = f}. By dividing both sides of Eq. (1) by
My = Hg + ps, WE obtain

8- VRI(¥/py,8) + I(X/py,8) = C/Szf(§ -S$HI(x/p. 8)ds
Lo,
+—S(/u.9), 4)
Hi
where ¢ = u,/u, is a constant, 0 <c < 1, and r = y,r. By
writing
IF.8) = I/ 9). ®)

we obtain

§- Vi (.8 +I[F.8) =c / SG-IF.8)ds +/%S(f'/,ut,§).
©)

Hereafter, we will take the unit of length to be 1/u, and drop
tildes.

The specific intensity I in Eq. (6) is given as a superposition
of elementary solutions, which are solutions to the following
homogeneous equation:

§-VI(r.8) +I(r.8) =c / FG-8)I(r,8)ds. G
2

Let 4 = cos 0 be the cosine of the polar angle of § and ¢ be
the azimuthal angle of 8. Following [7], we express f(8 - §') in

Eq. (2) as

6.9) 2+1(0-m! "

R A O

Here the polynomials p;"(u) are related to associated
Legendre polynomials P}"(u) as [7]

Pi(p) = (=1 (1 = )" p} (). ®

They satisfy the following recurrence relations and orthogo-
nality relations:

(-m+ Dpi () = Cl+ Dup" () = L+ m)piy (W), (10)

Lo m _ 2(l+m)!
[ ot amn = S an
where we introduced
dm(u) = (1 - )" du. (12)
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Furthermore, we have

2Mm)!
W for m > 0,
D) = (1 (13)
m for m < 0.
m|.

3. ELEMENTARY SOLUTIONS

We seek solutions of the form of plane-wave decomposition
[10,18,19]. We introduce v € R and q € R?, and define vector
k € C? as

kK= %12, k= (ézsg)) Qg) = 1+ (g)?, (14)

where q = |q|. We emphasize that k and k are functions of v
and q. We assume the specific intensity of the form

I'(r.§:q) = O (§: k)™, (15)
where

O & K) = ¢ . p(R) (1 - p(R)H)™2eme®  (16)

Here, u(k) and ¢(k) are the cosine of the polar angle of § and
the azimuthal angle of §, respectively, in the rotated reference
frame whose z axis coincides with the direction of k (see
Appendix A). Note that in the laboratory frame (l:: =17),
Eq. (15) reduces to the form used in [7]. We will determine
elementary solutions I7'(r, §; q) in Eq. (15) so that they satisfy
Eq. (7). We normalize ¢™ as

1 N N . 1
7 [ #" @0 (1 = Py s = [ gnngo = 1.
an
We will calculate singular eigenfunctions ¢™ below.

By plugging Eq. (15) into the radiative transport equa-
tion (7), we obtain

(1-552) g oo - ity memers
B C/ S ) -3 R)p™ (v, 4 (R) (1 - (k)*) ™I/ 2emo © g,
SZ
(18

where we used §-k = M(ﬁ) and expressed f(§-§') in the ro-
tated reference frame. The right-hand side is calculated as

RHS = 27cO(N — |m|)(1 — pu(k)?)"/2gimo (k)

2 +1 (I -m)!
Zfl dr (I +m)!

=|m|

< P (u(K)) / llp}"(ﬂ’)cbm(v,ﬂ’)dmw), (19)

where the step function O(-) is defined as ©(x) = 1 forx > 0
and = 0 for x < 0. Hence,
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(v = u ()¢ (v, () = 272cLON — m])
2 +1 (1 -m)!
%fl I @ Fmitr GO ),
(20)

where we defined

1) = / $ )P () dm). @)

The polynomials 2" were introduced by Mika [8] for m = 0
and then generalized by McCormick and KuScer [7] for general
m. Since the right-hand side of Eq. (20) is zero for |m| > N and
then ¢™ = 0, hereafter we suppose
0<|m|<N. (22)
Let us define

o =1-cflON -1). (23)

From Eq. (20), we obtain

ouh!®) = [ " @ pop GodmG. @4)

Equation (24) implies the three-term recurrence relation for
R (v) [20]:

Y@L+ Dok (v) - (L= m + DR () = L+ m)k" () = 0

(25)
with
hm”(l/) = pT:LnI (26)
and
1 @) = @Il + Do ko). @D
We also have
h;‘m‘(l/) = (=1ylm 2V (- |m|)! \ml(l/)~ (28)

L+ mr™

The functions ;" (v) are computed using Eq. (25).
Let us define

' -m)!

N
g k) = 3 @+ Iy G

U'=Im|

TP ()R (). (29)

We note that g™ (v, u(k)) = g™ (v, u(k)). The function ¢™ is
obtained as

(v p(k))

—u®) + W)L =AM - u(k)),

P (v, u(k)) =
(30)

where 1™ (v) is given below.
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4. DISCRETE EIGENVALUES AND
CONTINUOUS SPECTRUM

By multiplying (1 - x(k)?)™ and integrating over §, Eq. 30)
becomes

cv Lg™ (v, p) ! m
_Ep/_lﬁdm(ﬂ)wL/_lﬂ @) -pwdu. (3D

For v € (-1,1), we obtain
1 ym
my) = 1—(‘17>f 9P ). (32)
2 -1 V—Hu

Note that 2" (v) = A™(v) and hence ¢~ (v, u(k)) = ¢™ (v, u(K)).
Let us define

AM(z) =1 - 2 'y (z”)d mu), (33)

where 2z € C. Eigenvalues v¢[-1, 1] are solutions to
A"(v) = 0. 349

We write these discrete eigenvalues as +u]" (vf > 1" >

-+ >y ; > 1). Note that yjfm = u}’”. The number of discrete
eigenvalues M depends on |m| and we have [7,8] M <N -
|m| 4+ 1. For v € (-1, 1), we have the continuous spectrum.

5. METHOD OF ROTATED REFERENCE
FRAMES

Let us expand singular eigenfunctions with spherical harmon-
ics. By introducing c*(v), we write

(I)’ZIL (g’ R) — Z C'Zm (1/) Ylm (é, 12) (35)

l=|m|

The calculation of the specific intensity by this expansion is
called the method of rotated reference frames [16,21-23].
From Eq. (18), we obtain

1 [s9)
0 -5 3 ([ V@Y, 0)ero)

U'=|m|

= of OV - D" (v). (36)

Hence, we arrive at an eigenproblem:

B"y™(v)) = vly™(v)), (€10
where
1 e
By = [ W10 @75, 0005
] P-m? I+ 1)2%-m?
V- 1)6161-15”71 - \/(4@ +1)% - 1)"l+1515l"l+1’ ©%)
(U™ @) = Wf 19" (), 39

where the normalization factor Z™(v) will be determined be-
low so that (y™()|y™(v)) = 1 is satisfied. Note that ®}* and
ly™(v)) are related as
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V7 3 WOy k. o)

) (8: k) =
I=|m| \/—l

In Appendix B, expansion coefficients ¢;* (v) in Eq. (35) are
calculated using Egs. (39) and (40).

6. GREEN’S FUNCTION

Let us consider the Green’s function of the radiative transport
equation in an infinite medium. The Green’s function obeys

§- VG(r,8;1y,8) + G(r,8;1),8))

= c/ f(8-8)G(r,8;1,8)ds + 5(r —rp)5(8 -8y). (41
SZ
To proceed, we introduce <i>{”(§;l§) such that
[ mor@iondy s kords = o, (42)
SZ

where the Kronecker delta §,,, is understood as the Dirac delta
8(v - /) for the continuous spectrum. The function &JZ” &:Kk)
will be determined as we compute the Green’s function.

We replace the source term in Eq. (41) by a jump condition
and solve

{ §-VG(r,8;10.8) + G(r.8;1,8)) = ¢ J S (8- A’)G(r §:1g,80)ds,

G(p.29 +0.8;19.8)) - G(p. 2 — 0,8;1,80) = & 5(p — po)5(8 -8y,

(43)

with the condition limy_ G(r,8;19,8) =0 and r = (p,2)
(p € R%, z € R), where p = (,y). Let us expand the Green’s
function using elementary solutions or normal modes Eq. (15).
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where upper signs are chosen for z > 2, and lower signs are
chosen for z < 2.

To find @™, we note that the Green’s function obtained with
the method of rotated reference frames [21] is expressed as

1
A P et (p=po)
G(r’ S; r()?SO) - (27[)2 s Z Z UQ(l/q)Zm(l/)

v>0 m=-N

x O (3; 12)[(1:1; (89; k)] e Qulz-20l/vq, 47

where we used the relation (40). By comparing Egs. (46) and
(47), we obtain

78 k) = o, (8 K)[F0Qg) 2" (v)] . (48)

To determine Z™(v), we consider the one-dimensional case.
By integrating the Green’s function over p,, we obtain

G(2.8:20.8) = + Z {ZCD S 2)[<Dji(so Bl

m=-N

o ‘D’L(s;i)[&fg(ﬁo;i)]*e"““‘/”d”}' (49)
0

On the other hand, the one-dimensional Green’s function is
given by [7,8]

G(p.2.8:p0.20.8) =2y [ [ j= o J+(Q)I " (r,8:q) + [§ AR (@I (x, §; q)du] . 2> 2, “
Gp.2.8p0.20.50) =~ XNy foe [V @I (08 + [} AT@IN (S @) | 4, 2 < 2,
From the jump condition, coefficients a’, and A} are deter- A A i Y m m
mined as G(2.8:20.8) = ZﬂmZN Z Nmr/) (" W™ (7" o)
2\ |m| ,im(p—q —|z—2o| /"
m " (@) = im0 EQUW )20/ [q)m (So,k)] x(1-p )\ ] gim(p-go) = 12201/}
11
Al”((I) = e 0 RUDX/V[HM (30; )] (45) + / N )¢m(ilf P (£, o)
Hence, the Green’s function is written as x (1 = p?)lmlgimte=e0) g=l=0l/ ”dl/}, (50)
+1 o o—p0) N (M-l where
G , ,A; R VA - 1q-(p—po
(p.2.,8:p0. 20, %) (2;1)2/26 Z_: {Z m( )
N ¢ 2 =z
x @ (8; K[ (8; K)]"e DE==0l/5" Nt =N = (Vm) 9671 e D
1 A~ N
+ [ " $;K) DY, (S; K)]F
/(; &L, G k] and for v € (-1,1),
-Qea)lk-2l/vqy $ dq, 46
e y} 4 (46) N™(@) = vA"™ () A" (v)(1 - 2)~™, (52)
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Here, A™*(v) = lim,_ o, A™(v % i€). By comparing Egs. (49)
and (50), we obtain
vrZm (vf) = 2zN7y, vZ"™(v) = 2zN"™(v),  (53)

where v belongs to the continuous spectrum. Finally, we
obtain
oy (8:k) = O (& W22QuaN™ )], (54)

where v = :i:yj’-”
obtained as

or v€ (-1,1). The Green’s function is

G(pvz’ §;pO»ZO’ §0) =

iq-(p-po)
A;Z q-(p—p Z{ZQ(V q)Nm

" (: k)]*e—Q(bj Qlz-2ol/v}"

1
@2n)?
x O (3; k)[

+ || e * 60
x [ (89; k)] e Qual-20l/vdy}dq.

(55)

As the simplest case, let us consider the isotropic scattering
N = 0. We then have

) (5 k) = % + 25w - p(k)) = (v, u(k)), (56)

- u(k)

where

0 (9% 1 1 1
Py =1-2P [ ——du=1-atanhls. 6D
v-p

In this case M =1 and the discrete eigenvalues :|:l/8 = $y
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The energy density U is given by

Uz) = % /S (=029, (60)

where v is the speed of light in the medium and [ is the specific
intensity obeying Eq. (1).
First we place an isotropic source at the origin, S = S,5(r)
with constant S, in Eq. (1) [see Fig. 1(a)]. We have
10,29 =S, [ 60280205
R3xS?

x 8(pg)6(20)dpodz,dsy, (61)

where z, p, 2, are measured in the unit of 1/y;. In this case, U
is spherically symmetric. Using Eq. (65) we obtain

U)
43S, S2x8?

L iy G 0. (62
_&[VONO—FAVN(V) y], #=0 6

Here, v, is the positive solution to A%(ry) = 0, where

G(0,2,5;0,0,3,)dsds,

Arg) =1

_ / EACYIPY (63)

2 Ja v-p

We consider the following three cases: (i) u, = 0.03 cm™,
=100 cm™, f;, =0 (c=0.9997); (i) p, =0.03 cm™!,
us =100 em™, f; =03 (c=10.9997) [24]; and (iil) u, =
0.3 cmL, pg =100 cm™!, f; = 0.3 (¢ = 0.997). In the case
(i) with f; = 0, the density can also be obtained with the
Fourier transform. The Green’s function is obtained as

are solutions to Glr.8:1y.80) = Go(r. 8:10.80) + . / gik(ery)
4;:(2;;) o
AN =1-Z l—dy 1 - ¢z tanh- 11 —0. (58) 1 ¢ |t
— 79 - . 1-—tan'(lk dk,
2 Jaz-u X(1+ik~§)(1+ik-§0)[ T D]
The Green’s function is obtained as (6D
1 . 1 N ~
G(p,z2,8,p0,20.5) = 7/ £i4:(p-po) {7 0(4y ,u(k 0% (4, , K))e~Q@dlz-20l/v0
0 0,20 50) @ e Q(voq)/\/0¢ (Fvp, u(k)) ™ (g, po(K))
1 1 . N
—l—/ —— (v, u(k) % (£, py(k))e Qrolz-2l/vqu)dq. 59
A Q(uq)/\f(y)¢ (k)™ (Fv, po(k)) }dq (G)

If we integrate Eq. (59) with respect to p), G in Eq. (59)
becomes the one-dimensional Green’s function written in
the book by Case and Zweifel [1].

7. ENERGY DENSITY

Let us calculate the energy density U. For simplicity, we as-
sume linear scattering, N = 1. We measure U along the z axis.

where

R R e [r-ro] R r-
Gy(r,8;1rg,8) = it ﬁ(s— ir
-1 _

To )5(@ ~&).  (65)
ro|

Using Egs. (64) and (65), we obtain
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(a) (b)
° U(Z) ° U (Z)

L

/

Fig. 1. Energy density U(z) for (a) the point source and (b) the
source of length £ on the x axis.

UR) _e¥ 2 / wsin(kz) (tan'k)* (66)
0

S, w2 v 2 k-ctank

In Fig. 2, we plot U(2)v/u?S, as a function of 2. In addition to
Eq. (62), densities by Eq. (66) and by Monte Carlo simulation
are shown. We see perfect agreement.

Next we consider the source of length # on the x axis [see
Fig. 1(b)], i.e., we put S = §,0(¢ - x)O(x)5(y)é(z) with con-
stant S}, in Eq. (1). We have

1(0,z,8) = /"tSb/ G(0,2,8;x, Yo, 20, S0)
R3xS?

x Oyt — x0)O(x9)5(Yo)5(20)dxodyodzedSy, (67)

where 2, xy, ¥, 2y are measured in the unit of 1/4;. We com-
pute I using Eq. (55) and obtain

U(z)
HSy

_ / G(0,2.8;. 0. 39)
R? Js%xS?

x O(u,t — x0)O(%9)6(yo)d8dSydpy

1/00 (/quJ (d ) [e*Q(voq)Z/vo
== dt )| =———
oo \Jo 7 Q)N

1 g Quaz/v ]

) QN ®) #>0. (89

where v is the positive root of Eq. (63) and J;, () is the zeroth-
order Bessel function of the first kind. In addition, with the
Fourier transform, we obtain

10 . . : :
4,=0.03, u=100, ;=0
s Fourier transform
vy
5 10’ 1,=0.03, 1 =100, ,=0.3 i
= 1,=0.3, u=100, ,=0.3 ——
5 Monte Carlo
T 100 F
S
10-1 L 1 | .
0 2 4 6 8 10

Mz
Fig. 2. Energy density Eq. (62) is plotted together with Eq. (66) and
results from Monte Carlo simulation. The optical parameters

(ia- 5. f1) are, from the top, (0.03 cm!,100 cm™,0), (0.03 cm™!,
100 cm1,0.3), and (0.3 cm™!, 100 cm™,0.3).
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2
10 T T T
u,=0.08, u=100, f1=0
- Fourier transform -
";: 10" 1,=0.03, =100, /;=0.3 ——
= ; Fig.2 ——
® o 4,70.3,1,=100,£;=0.3
Z 10°F
S
107

Mz

Fig. 3. Energy density Eq. (68) is plotted. The optical parameters
(tq- 1s.f1) are, from the top, (0.03 cm!,100 cm™,0), (0.03 cm™!,
100 cm™,0.3), and (0.3 em™, 100 cm™!, 0.3). The blue line from Fig. 2
shows Eq. (62) for (g, ps.f1) = (0.03 cm™!, 100 cm™, 0.3).

Ur) 1 /‘m [e 5 +2
,utSl, v Jo x2+z

sm(lc xo—l—z) 132
2 / (tan"k) dk]dxo. (69)
k—ctan™'k

x—l—z

Let us put x4, = 1. In Fig. 3, we plot Eq. (68) together with
Eq. (69). Moreover, Eq. (62) for (u,,us.f1) = (0.03 cm™,
100 cm™!,0.3) is plotted for comparison. We see that U is
similar to the density in Fig. 2 except for small z.

8. SUMMARY

We have constructed elementary solutions of the radiative
transport equation in three dimensions. Each elementary sol-
ution carries the wave vector k, and is labeled by Case’s dis-
crete eigenvalues and continuous spectrum. By virtue of
rotated reference frames, the angular part of each elementary
solution is given by the singular eigenfunction for the one-
dimensional radiative transport equation.

Using the elementary solutions, the Green’s function in an
infinite medium is obtained. Moreover, the energy density is
computed for different sources and optical parameters.

APPENDIX A: POLAR AND AZIMUTHAL
ANGLES IN ROTATED REFERENCE FRAMES

Let 6 and ¢ be the polar and azimuthal angles of § in the labo-
ratory frame. Let ¢; and 6;; be the polar and azimuthal angles
of k in the laboratory frame. For k = (—ivq, Q(1q)), we obtain

cos 6; -2 = Qg), sin ; = /1 - cos? 6y = i|vq|
(AD)
and
_Jeqt=m for v > 0,
Pk = { ®q for v <0, (A2)

where ¢ is the angle of q. Therefore, we have

u(k) =8-k = —ivg sin 0 cos(p - ¢,) + Q(vq) cos 0.  (A3)

In general, we can rotate functions as follows. Let us intro-
duce rotated spherical harmonics Y, (8;k) [16]:
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R R !
Vi (8:k) = DK) Y, (8) = Z D, (945 05,0 Y 1y 8),  (AD)
m'=-1
where D!, (¢4 6;.0) = e™%d. , (6;). Here, d., ~are the

Wigner d-matrices [25]. That is, Y,m(s,k) are spherical har-
monics defined in a rotated reference frame whose z axis co-
incides with the direction of the unit vector k. We have
Y. (8) = Y}, (8;2). We write analytically continued Wigner’s
d matrices as

& (03) = i, lir(vQ)]. (A5)

First, a few matrices are obtained as

d, =1, (A6)
L e L i L 1+V1+a?
dy = V1+a7, d01=7§|9€|7 gy =——>5
(A7)
We note that d. . = (-1)™+t™d! = =(-H™™d , . Al

m,m[zr(vq)] are computed using the recurrence relations
[23]. We obtain

imo®) — (1 - u(k)?) |m‘/2( ™ /4z(2m + 1)!

@m + 1!t

m
x Y emadr, (00)Y 9, (A8)

m=-m

where 0 satisfies cos 6 = p with y in Eq. (15).

APPENDIX B: EXPANSION COEFFICIENTS

Here, we calculate c]"(v). We have
") = / [ 5P U(” B W)L - ) e - u)]
x (1= p?)lmi2gimoys (3)ds. (B1)

Hence,

o 20+1 (1 -m)![cv ”
R ny(zz D

(lr/ _ ) m Plyy’yL (”)le (ﬂ)
(l// )| l”( )( 1) P/l I/——ﬂ d:u

+ ")l - UZ)—\ml/ZPE’”(y) /:11 o(v - ,u)d/t:|. (B2)

Note that c/(-v) = (-1)"*™c"(v) because P"(-v) =
(-1)*™P(v). Therefore, we obtain for v¢[-1, 1]

2l+1(l m)'cu
4r (l+m)'2

N
am(v) = 2x Z Sr@'+1)
=[m|
' -m)!

X(l"—l— )|hm( v)(- 1)m2QmaX(”)(V) mm(ll)(y)’ (B3)
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where Q) and P 0y

to 1 [26], and for v € (-1,1)

20+1@1-m) Tev(-1)m &
') =2x 4—; ((l +;n®)),[cy(2 ) Z Jr@'+1)
. U'=|m|

(v) have a branch cut from —co

(l” ) m
U T )
160\ pm (i
(znP?(u)PM() [T RE wda)
+ ™) (1 - uz)“’"|/2P{”(u)]. (B4)
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