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Winter 2014 Math 454

Problem Set 4 (1/29, 1/31, 2/3, 2/7, 2/10)
Due on Fri, Feb 14

Find the steady-state solution of the heat equation uw, = KV?u in the slab
0 < z < L, with boundary conditions [u, — h(u — Tp)](z,y,0) = 0 and
[u, + h(u—T1)|(z,y, L) = 0. Assume that K, h, Ty, T) are all positive constants.

Solution: u(z,y,2) =U(z) = Tl(th);ﬁ%M(L—z)].

Let us solve the heat equation in the slab 0 < z < L:

uy = Ku,, O<z< L,t>0,
u(0,t) = u(L,t) =0 t >0,
u(z,0) =1 0<z<L,

where K > 0 is the thermal conductivity.

(a) Find the separated solution depending on .
(b) Find the general solution which satisfies the boundary conditions.
(c¢) Find the particular solution which satisfies the initial and boundary conditions.

Solution: (a) For A > 0, u = (ACOS\/XZ—FBSHI\/XZ) e M for A = 0,
u = (Az+B), for A < 0, u = (Aeﬁz%—Be’\/:\Z) e M (b)) u =

Sy Ansin(nm/ Lje 0D (o) = 23700 A gin 2z mlo /L

Solve the initial-value problem w; = Ku,, (K > 0) for t > 0, 0 < z < L, with
the boundary conditions u(0,¢) = u(L,?) = 0 and the initial condition u(z,0) = z,
0<z<L.

Solution: u(z,t) =223%"> # sin 22 exp [— (%)2 Kt].

Solve the initial-value problem u; = Ku,, (K > 0) for t > 0, 0 < z < L, with the
boundary conditions u,(0,t) = u,(L,t) = 0 and the initial condition u(z,0) = z,
0<z<L.

Solution: u(z,t) =% — L3> _Cos[((227;—_11))7;z/L} exp [_(2n—1L)§w2Kt]

Let 1 = 1, o3 = z, o3 = 2% on the interval 0 < z < 1. Find (a) {(¢1,p2), (b)
(p1,3), (¢) llr — ol %, and (d) [[o1 + 3eo| >

Solution: (a) 1/2, (b) 1/3, (c¢) 1/3, (d) 7.

Find the projection of the function f(z) = cos’z on the orthogonal set
(1, cos z, cos 2z) on the interval —7 <z < 7.

Solution: % + %cos 2.



